Introduction
The writer has given existence theorems governing a finite system of linear differential equations of infinite order, with constant coefficients.î There, the method of attack was one of operators, and by means of suitable differential operators the system was first reduced to a single equation of infinite order, after which certain solutions of this one equation were shown to be solutions of the original system.
Let us adopt the following notation for a differential operator: There are n equations in the n unknown functions y<(x). Our assumptions, on the basis of which the existence theorems follow, are these:
PÉO.
(iii) The/¿(x) are of exponential value <R. (For short: of exp. val. <R.) And the solutions sought are those functions y<(x) of exp. val. <R. We define exponential value as follows : * Presented to the Society, September 7, 1928; received by the editors in December, 1928. t National Research Fellow. X Sheffer, Systems of linear differential equations of infinite order, with constant coefficients, to appear in the Annals of Mathematics. We shall refer to this as Annals Paper I.
[April f(x) isof exp. val. X iff(x) is entire and lim sup,,»«, |/(n)(0) |1/n =X.
In the present paper we consider the extension to systems of infinitely many equations, and show how such systems can be thrown into the form of systems of contour integral equations in the complex plane. These integral equations are then inverted:
we obtain solutions which are themselves contour integrals.* The method employs the Laplace transformation.f
In §2 we take up the non-homogeneous equation for an infinite system, and in §3 we consider the homogeneous case, where solutions are also obtained as contour integrals.
The non-homogeneous case, infinite system
We consider a system of infinitely many equations in infinitely many unknown functions(
We assume that the following conditions are fulfilled : (ii) the convergence of the above product and series is uniform in every closed region lying in |w|<i?;
(iii) A(«)^0.
To discuss system (III) we require some preliminary lemmas.
Lemma l.f Iff(x)=^,0°fnxn is of exp. val. X, and F(x) =J^ Ö F" xB where
is analytic in \x \ <1/X, and 1 r F(«) (1) f(x) = --e*"du, We have \M(u) | =/ (constant) on C. Now use the fact that the power series for eux is uniformly convergent on C.
We consider solutions (yh y2, • ■ • ) of (III) which are of exp. val. ¿ß<R.
If we apply Lemmas 1-4 to (III) we obtain (a) aZ-.\ -^4 •» ( -) e^du = fi(x),
"_o 2*1 Je u \u/ and on integrating term-wise (formally, as yet) we arrive at the system of contour integral equations
where C is a contour, surrounding the origin and lying in \/R< \u \ <l/p.* Now equations (III') represent the fi(x) as linear expressions in the F"(a;)'s (under an integral). We may then hope to solve by interchanging the rôles of/, Y (and consequently using F, y). We look, then, for a solution of (III) in the form Corollary. The functions F,(x) defined by (12) satisfy system (III')-Equations (a) follow from system (III), since the y¿(x) are of exp. val. p<R, where p is properly chosen. If now we substitute (12) into (a) we obtain * Riesz, loc. cit., p. 26. t Riesz, loc. cit., p. 27.
